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Abstract. In this study, we examine the influence of electron-phonon coupling (EPC) on the van
Hove singularities on the SnTe(001) surface as a topological crystalline insulator (TCI). To do
this, we calculate the electronic density of states (DOS) and investigate its changes according to
the parameters characteristic of the EPC. The effect of EPC is incorporated in the modified mo-
mentum (wave number) components along the x– and y–directions. The results show that when
varying the EPC strength along the x–direction (λx), the number and position of the van Hove sin-
gularities remain unchanged, but their height decreases significantly. As λx is sufficiently large,
these singularities vanish, and an energy gap emerges. In contrast, when the EPC strength λy
is altered within a range similar to λx, the change in DOS is nearly negligible, and a significant
EPC is required to observe any small changes. The difference in the DOS changes with respect to
EPC strength between the x- and y-directions highlights the anisotropy of the SnTe(001) surface.
Furthermore, the influence of the intervalley scattering parameters, n and δ , on the electronic
properties of the system is also examined. The results show that these parameters significantly
affect the density of states (DOS), both in the absence and presence of EPC. Overall, our findings
demonstrate that the electronic characteristics of the SnTe(001) surface can be effectively tuned
through EPC – by altering factors that influence lattice vibrations, such as temperature or sub-
strate material – as well as through changes in intervalley scattering, which is governed by the
surface roughness of the TCI.
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1. Introduction

Topological materials have attracted significant interest in the field of condensed matter
physics due to their unique physical properties [1, 2]. The topological crystalline insulator (TCI)
was first theoretically proposed by Liang Fu in 2011 [3], where topological states are protected by
crystal symmetry (mirror symmetry) [3–9], in addition to the time-reversal symmetry in previously
discovered topological insulators [10–13]. Unlike strong topological insulators, TCIs feature an
even number of Dirac states, arising from their inherent C2 and C4 rotational symmetries. The
abundance of gapless Dirac cones in TCIs offers significant potential for applications in spintron-
ics and valleytronics. One of the first theoretical and experimental predictions for TCIs was IV-VI
semiconductors with a rocksalt structure, with SnTe being a typical representative [5–8]. There-
fore, TCIs of this type are also classified as SnTe-class TCIs. In addition to the SnTe-class TCIs
mentioned above, there are other TCIs that have been theoretically predicted [14–16].

A van Hove singularity (vHS) occurs at points in the dispersion relation (the relation be-
tween energy/frequency and momentum) where there is a saddle point, maximum, or minimum,
causing the gradient of the energy dispersion to be zero at these points [17, 18]. This concept was
initially introduced by Léon van Hove in his study of phonon densities of states, which describes
the frequency distribution of elastic lattice vibrations in a crystal [19]. In electronic band struc-
tures, a vHS leads to a peak or divergence in the electronic density of states (DOS), indicating a
high density of electronic states at specific energies. The presence of a vHS enhances electronic
interactions, which can influence phenomena such as superconductivity, magnetism, and density
wave instabilities [17, 20–22]. These effects also lead to strong optical absorption features and
anomalies in thermodynamic properties, making the understanding and tuning of vHS crucial for
predicting electronic, optical, and thermodynamic behavior in materials [22–26].

There are numerous methods available to tune the electronic properties of a material, includ-
ing doping to modify the concentration or type of charge carriers, surface adsorption, application
of strain, formation of heterojunctions, temperature variation, exposure to external electromagnetic
fields, proximity effects, and electron–phonon interaction, among others [27–33]. Among these,
electron–phonon interaction is particularly significant, as it modifies not only the electronic energy
dispersion but also the phonon spectrum. To date, the effects of electron-phonon coupling (EPC)
on the vHS in TCIs have remained largely unexplored – a gap this study aims to fill. We exam-
ine how lattice vibrations, through EPC, break spatial symmetry and lead to direction-dependent
renormalization of the Fermi velocity. This anisotropy in low-energy electron dispersion alters
the electronic DOS, thereby modulating the vHS. Incorporating EPC is crucial for accurately pre-
dicting and understanding the electronic and thermal properties of materials. Our results reveal
substantial deviations in the electronic DOS of EPC-modified TCI lattices compared to their pris-
tine counterparts.

The paper is organized as follows. In Sec. 2, we provide an overview of the Hamiltonian
model and the DOS for both pristine and EPC-induced Dirac cones on the (001) surface of SnTe.
In Sec. 3, we present numerical results, which explore various scenarios regarding the strength of
EPC. Finally, Sec. 4 offers a summary of our study.
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Fig. 1. A sketch of the coaxial energy dispersion cones (Dirac cones) in the low-energy
limit, occurring around the X and Y points of the projected surface Brillouin zone for
the pristine SnTe(001) topological insulating surface. The Dirac points are located at
x (x′) =±

√
n2 +δ 2/η1 and y (y′) =∓

√
n2 +δ 2/η2. The gapless states are protected by

the crystalline C2 and C4 rotational symmetries.

2. Low-energy Hamiltonian and density of states of SnTe(001) surface

We begin with a well-established continuum model [5–8, 34, 35] that describes the Dirac
fermions on the SnTe(001) surface. In this model, the effective electronic bands are formed by
the p orbitals of the Sn and Te sublattices, with the ground states being a mix of spin-orbitally
coupled states. This model preserves the fundamental physics of TCIs and separates the coupled
coaxial Dirac cones at low energies (see Fig. 1 for details). Specifically, two cones position along
the X-Γ-X direction of the projected surface Brillouin zone (SBZ) at points x and x′, while two
other cones are along the Y -Γ-Y direction at points y and y′. The Hamiltonian at the X point, in
the absence of any perturbations (i.e., the pristine case), is given by (we set h̄ = 1) [30, 34–37]

Hpristine
X = η1kxσ̂y −η2kyσ̂x +nτ̂x +δ σ̂yτ̂y , (1)

where kx (ky) is the carrier momentum along the x (y) direction; η1 = 1.3 eV.Å and η2 = 2.4
eV.Å are the Fermi velocities along the x and y directions, respectively [5, 34, 38]. ˆ⃗σ = (σ̂x, σ̂y)
denotes the Pauli matrices for the two spin components (i.e., the Kramers doublet), while the Pauli
matrices representing the cation–anion degree of freedom are given by ˆ⃗τ =(τ̂x, τ̂y). The parameters
n and δ are referred to as intervalley scattering parameters in momentum space [36, 38], which
are primarily affected by the surface roughness of the TCI surface. Therefore, proximity effects or
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changes in the atomic configuration at the surface can modify these values. The influence of these
two parameters will be analyzed in detail at the end of Sec. 3. In addition, it should be noted that
utilizing the C4 rotational symmetry, the corresponding Hamiltonians for the Y point can be easily
derived [39].

Regarding the effect of EPC, it is important to emphasize that our theoretical framework
relies on the modulation of orbital degrees of freedom, arising from the interaction between sub-
strate atoms and the host Sn and Te sublattices—both of which vibrate around their equilibrium
positions. This interaction has a significant impact on the electronic properties of the system [40].
In solids, electrons can interact with these lattice vibrations, resulting in changes to both their
momentum and energy. In our model, considering the orbital characteristics of the bands, the
electronic momentum space is shifted according to the EPC strength, which arises from lattice
displacements, generated through thermal effects, for example [41–43]. This shift first breaks
the spatial symmetry, and then, the Fermi velocities of the electronic bands are normalized along
the direction of symmetry breaking. The incorporation of this effect into momentum space intro-
duces an EPC-induced gauge field vector potential A⃗ = (λx

vx
,−λy

vy
), where λx (λy) denotes the EPC

strength along the x (y) axis. As a result, in the linear order of the EPC strength, one can define
the modulated momenta as

k̃x = kx +
λx

vx
, (2a)

k̃y = ky −
λy

vy
. (2b)

Therefore, the Hamiltonian at the X point, when accounting for EPC, is succinctly written as
[30, 34–37].

HEPC
X = η1k̃xσ̂y −η2k̃yσ̂x +nτ̂x +δ σ̂yτ̂y. (3)

Now let us introduce the expression for the electronic DOS, a quantity from which we will
extract the necessary information about the vHS. As well-known, the electronic DOS is described
in terms of the imaginary parts of the diagonal Green’s functions via [30, 44]

D(E ) = − 1
π

4

∑
β=1

∑
k⃗∈SBZ

Im
[
Gββ (⃗k,E )

]
, (4)

where β refers to both spin and surface degrees of freedom. Generically, the Green’s function

matrix is calculated using the relation G(⃗k,E ) =
[
E +iη −H (⃗k)

]−1
where H (⃗k) is the matrix

representation of the Hamiltonians in Eq. (1) and Eq. (3) for the pristine and EPC-included case,
respectively, E is the energy bandwidth and η = 0.1 meV is a small real number (phenomenolog-
ical factor).

3. Numerical results

In this section, we will clarify the influence of EPC on the vHS by performing numerical
calculations to obtain the DOS. First, we plot the three-dimensional energy dispersion for the
pristine case (without EPC) in the low-energy limit, obtained by diagonalizing the Hamiltonian
in Eq. (1) when n = 0.07 eV and δ = 0.026 eV [34, 36], as shown in Fig. 2. It can be seen that
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Dirac cones appear at certain special positions. At the wave vector k⃗ = (0,0), we have two Dirac-
like cones located at energy values E = ±

√
n2 +δ 2, while the two Dirac cones near the X point,

shown in Fig. 1, have zero energy with coordinates x =
√

n2 +δ 2/η1 and x′ = −
√

n2 +δ 2/η1.
Notably, there are saddle points S and S′ with coordinates S = (0,+n/η2) and S′ = (0,−n/η2).
These points are responsible for generating the vHS near the Fermi surface.

x
x’

S’

S

Fig. 2. Three-dimensional energy dispersion of Dirac fermions on the SnTe(001) surface near
the X point of the SBZ obtained from the Hamiltonian in Eq. (1). Two saddle points contribute
to the carrier dynamics with the coordinates S = (0,+n/η2) and S′ = (0,−n/η2). Also, the
Dirac-like cones at k⃗ = (0,0) are located at energies E =±

√
n2 +δ 2, while two Dirac cones at

E = 0 have the coordinates x =
√

n2 +δ 2/η1 and x′ = −
√

n2 +δ 2/η1. Here, n = 0.07 eV and
δ = 0.026 eV as taken from Refs. [34, 36].

Now, we will focus on the core of this study, which is to examine the influence of EPC on
the vHS in the electronic DOS of the SnTe(001) surface. To clearly see the directional difference
of EPC, we will investigate the change in the DOS by separately varying λx and λy. In Fig. 3, we
plot the DOS as a function of electronic energy in the range from −0.15 eV to +0.15 eV with
−0.25 ≤ kx ≤ 0.25 and −0.25 ≤ ky ≤ 0.25 at four different values of λx when λy = 0. Along
the black curve, which corresponds to the case without EPC, we can observe the appearance of
two singularities that are symmetric around the zero energy value. These correspond to the saddle
points in the valence and conduction bands, as shown in Fig. 2. It can be seen that as λx increases,
the intensity of the singularities decreases significantly; however, they remain at their initial energy
values and the system still maintains a semi-metallic phase, as indicated by the red, blue, and green
curves in Fig. 3. Notably, when λx = 0.45 eV, the van Hove singularities completely disappear,
and a band gap of about 0.1 eV opens up. This indicates a semimetal-to-semiconductor phase
transition. To better understand the relationship between the DOS and the electronic energy band
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structure when λx is changed, we plot the three-dimensional energy dispersion in the wavevector
domain and the values of λx as shown in Fig. 4. It can be seen that when λy is zero and λx
is changed, the energy dispersion spectrum shifts significantly in the x–direction towards higher
momentum, and the energy values at the saddle points remain unchanged. Some electronic states
gradually disappear within the wavevector range considered, and when λx = 0.45 eV, the energy
bands in the conduction band and the valence band completely separate, creating a band gap as
shown in Fig. 3. Similarly, we continue to examine the effect of EPC in the y–direction. In
Figs. 5 and 6, we plot the DOS and energy dispersion, respectively, when λx is fixed at 0 and λy is
varied from 0.15 eV to 0.45 eV within the energy and wavevector ranges as shown in Figs. 3 and 4.
It can be seen in Fig. 5 that when λy is varied, the DOS changes insignificantly, and the van Hove
singularities are almost unaffected by the EPC in the y–direction. This characteristic is illustrated
by the very slow shift of the energy dispersion in the y–direction towards larger momentum, and
the dispersion shape remains unchanged as λy increases. In short, the difference in the change of
DOS between the x– and y–directions under the influence of EPC reflects the anisotropic nature
of the SnTe(001) surface. Also, it is worth noting that due to translational symmetry, the DOS
remains unchanged if we replace λi by −λi (i = x or y) in the Hamiltonian (3), whereas the energy
dispersion (the Dirac cones) will be shifted in the opposite way.

Fig. 3. The variation of the electronic DOS on the SnTe(001) surface near the X point
of SBZ as a function of the EPC strength λx, with λy = 0. The van Hove singularities
gradually decrease in intensity with increasing λx and disappear when λx becomes suffi-
ciently large, also the system shows a phase transition from a semimetal to a conventional
semiconductor. Here, n = 0.07 eV and δ = 0.026 eV.
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𝝀𝒙, 𝝀𝒚  = (0.15, 0.00) [eV] 𝝀𝒙, 𝝀𝒚  = (0.25, 0.00) [eV]

𝝀𝒙, 𝝀𝒚  = (0.35, 0.00) [eV] 𝝀𝒙, 𝝀𝒚  = (0.45, 0.00) [eV]

(a) (b)

(c) (d)

Fig. 4. The evolution of the three-dimensional energy band structure of Dirac fermions on the
SnTe(001) surface near the X point, as the EPC strength along the x–direction is varied, shows a
significant shift of the bands along the same direction. Here, n = 0.07 eV and δ = 0.026 eV.

Fig. 5. The electronic DOS of the SnTe(001) surface near the X point of SBZ for different values
of EPC strength λy and λx = 0. The van Hove singularities are almost unaffected by the EPC in the
y–direction. Here, n = 0.07 eV and δ = 0.026 eV.
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𝝀𝒙, 𝝀𝒚  = (0.00, 0.15) [eV] 𝝀𝒙, 𝝀𝒚  = (0.00, 0.25) [eV]

𝝀𝒙, 𝝀𝒚  = (0.00, 0.35) [eV]
𝝀𝒙, 𝝀𝒚  = (0.00, 0.45) [eV]

(a) (b)

(c) (d)

Fig. 6. The evolution of the three-dimensional energy band structure of Dirac fermions on the
SnTe(001) surface near the X point, as the EPC strength along the y–direction is varied, shows a
slow shift of the bands along the same direction. Here, n = 0.07 eV and δ = 0.026 eV.

As an extension of this work, we now analyze the influence of the parameters n and δ . The
physical meaning of these parameters has been discussed in Sec. 2. First, we consider the effect of
n and δ in the absence of EPC (the pristine case). Fig. 7 shows the DOS when (λx,λy) = (0,0) and
δ is fixed at 26 meV for several different values of n. The results show that when n = 0, vHSs do
not appear, and the DOS resembles that of monolayer graphene in the low-energy limit. However,
when n ̸= 0, vHSs emerge, with their intensity increasing as n increases, although their positions
remain independent of n. Moreover, the system remains in a semimetallic phase for all values
of n. Next, we examine the variation of the DOS with respect to the parameter δ . In Fig. 8, we
plot the DOS for a fixed value of n = 0.07 eV at several different values of δ . It can be seen
that when δ = 0, vHSs do not appear and the system is metallic, as indicated by the black curve.
However, when δ ̸= 0, vHSs emerge, and the system consistently remains in a semimetallic phase.
Interestingly, although δ varies, the vHSs always appear at energy values equal to δ . From Figs. 7
and 8, it can be concluded that the appearance of van Hove singularities requires both parameters
n and δ to be nonzero. Additionally, the energy values at which the vHSs occur depend solely on
δ and are independent of n. Finally, we examine the influence of the parameters n and δ on the
DOS in the presence of EPC. Figs. 9 and 10 show the DOS for the same values of n and δ as
considered in Figs. 7 and 8, respectively, but now we include EPC with λx = λy = 0.45 eV. It can
be observed that when EPC is present with sufficiently strong intensity – as considered in Fig. 3



Doan Quoc Khoa et al. 141

– the van Hove singularities do not appear for any values of n and δ , and the system becomes a
narrow-gap semiconductor. Notably, the band gap decreases as the value of either n or δ increases.
For example, in Fig. 9 with δ = 0.026 eV, increasing n from 0 to 0.105 eV causes the band gap to
decrease by nearly a factor of four. Similarly, in Fig. 10 with n = 0.07 eV, increasing δ from 0 to
0.065 eV results in the band gap being reduced by approximately half.

Fig. 7. The electronic DOS of the pristine SnTe(001) surface near the X point of SBZ
for different values of parameter n at δ = 0.026 eV.

Fig. 8. The electronic DOS of the pristine SnTe(001) surface near the X point of SBZ
for different values of parameter δ at n = 0.07 eV.
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Fig. 9. The electronic DOS of the SnTe(001) surface near the X point of SBZ for dif-
ferent values of parameter n at δ = 0.026 eV. Here, the EPC is taken into account with
λx = λy = 0.45 eV.

Fig. 10. The electronic DOS of the SnTe(001) surface near the X point of SBZ is shown
for various values of the parameter δ , with n = 0.07 eV. The EPC strength used here is
the same as in Fig. 9.
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4. Conclusions

In this study, we investigated the effect of EPC on the vHS on the SnTe(001) surface, a TCI.
Using a continuum Hamiltonian model and Green’s function method, we calculated the electronic
DOS and analyzed its dependence on parameters characterizing EPC. The EPC effect is incorpo-
rated through the momentum (wave number) components. When the EPC strength is varied along
the x-direction, we observe a significant suppression of the vHS peaks. For sufficiently strong
EPC, these singularities disappear entirely, and a band gap opens. In contrast, varying the EPC
strength λy over a range comparable to λx produces only negligible changes in the DOS, and a
strong EPC is needed to observe any small changes. This anisotropic response of the DOS to EPC
strength highlights the inherent anisotropy of the SnTe(001) surface. Furthermore, we extended
our study to examine the influence of intervalley scattering parameters, n and δ , on the system’s
electronic properties. These parameters also significantly affect the DOS, both in the absence
and presence of EPC. Overall, our findings demonstrate that the electronic characteristics of the
SnTe(001) surface can be effectively tuned via EPC – by altering lattice vibration-related factors
such as temperature or substrate material – as well as through changes in intervalley scattering,
which is governed by the surface roughness of the TCI. Experimentally, the energy band structure
of pristine TCI surfaces, as well as its changes under the influence of physical factors, is expected
to be observable using several modern techniques – for example, the angle-resolved photoemission
spectroscopy (ARPES), as used in the earliest experimental studies on TCIs [6–8].
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