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Abstract. Studying the effects caused by core electrons of highly polarizable atoms and molecules
is essential since interactions between external fields and matter primarily occur in the outer elec-
tron shell, but the contribution of the core electrons has been revealed in recent studies. Therefore,
investigating the multielectron polarization (MEP) in the high-order harmonic generation (HHG)
emitted from matter when interacting with intense, ultrashort laser pulses has attracted significant
attention. In our latest work, we have shown that when interacting with a few-cycle laser pulse,
MEP induces significant shifts in the HHG peaks of the CO molecules. However, the parameter
ranges of the laser pulse, allowing the observation of these peak shifts, have not yet been thor-
oughly examined. In this paper, by simulating the HHG emitted from the CO molecule under in-
teractions with few-cycle laser pulses of different parameters, we demonstrate that the laser pulse
duration should be greater than three cycles and less than six cycles. Furthermore, the carrier-
envelope phase of the laser pulse should be within the ranges of (2π/3, 7π/6) and (5π/3, 2π).
These optimal regions guide experiments in choosing laser settings to observe core-electron effects
on the HHG spectrum via peak shifts.
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1. Introduction

The study of the structure and dynamics of matter has garnered significant interest in the
fields of physics and chemistry. Advances in high-intensity, ultrashort laser pulse generation tech-
niques have allowed researchers to delve deeper into the properties of matter, particularly in ex-
ploring ultrafast movements at the atomic and molecular scales [1–3]. When intense ultrashort
laser pulses interact with matter, one of the prominent nonlinear optical phenomena that emerges
is high-order harmonic generation (HHG) [4, 5]. HHG is the emission of photons whose frequen-
cies are multiples of the driving laser frequency, and the multiples are called the harmonic order.
With the recent availability of strong-field long-wavelength laser sources, HHG photons can now
reach the extreme ultraviolet (XUV) and even the soft X-ray spectral regions [6, 7]. Moreover,
HHG is a unique source of attosecond (10−18 s) laser pulses, which are valuable tools for probing
ultra-fast electron dynamics in atoms and molecules [8–14].

The HHG spectra exhibit a typical structure [4, 5]. In the perturbative region, which cor-
responds to low harmonic orders, the intensity of HHG decreases rapidly. As the harmonic order
increases, the intensity remains nearly constant, forming a plateau region that provides insight
into atomic and molecular structures and dynamics [8–14]. The plateau ends at the cutoff, beyond
which the HHG intensity drops sharply.

The mechanism of HHG can be intuitively understood within the framework of the classi-
cal three-step model, which comprises the following steps: (i) initially, a strong laser electric field
induces tunnel ionization of atoms or molecules, freezing electrons; (ii) the liberated electron then
propagates in the laser field, gaining kinetic energy, and when the laser field reverses direction, the
electron is driven backward; and (iii) recombines with the parent ion, releasing its accumulated
energy in the form of high-order harmonic photons [4, 5, 15]. According to this mechanism, the
HHG spectrum is predominantly contributed by electrons from the outermost shell of the atom
or molecule, while core electrons are typically considered “frozen” and do not participate in the
HHG [4, 5]. This assumption is reasonable since, in the tunnel ionization mechanism, the ioniza-
tion probability depends exponentially on the binding energy of the electron; thus, the probability
of ionization from the outermost shell is exponentially higher than that from deeper shells [16].

However, some recent experimental measurements cannot be explained solely by the out-
ermost atomic or molecular shells; they also require taking into account the contributions of
core electrons [10, 11, 17–19]. A notable effect of core electrons is multielectron polarization
(MEP), where the core electrons can be polarized in response to a laser electric field [20]. It
has been demonstrated that MEP significantly affects various high-order nonlinear optical pro-
cesses [18, 21–25], including HHG [14, 26–33]. Numerous studies have shown that MEP alters
the HHG intensity near the cutoff region [28, 30, 31], modifies the intensity in the minimum [27]
or induces a Cooper minimum [26], shifts the position of the minimum [29], and affects even-to-
odd ratio, i.e. the intensity ratio between even and adjacent odd harmonic orders [32, 33]. More
recently, it has been demonstrated that MEP has a significant influence on the peak structures in
the HHG spectra emitted from solid crystals [14].

A prominent feature of the HHG spectrum is the harmonic peaks’ position. When an atom
or symmetric molecule interacts with a linearly polarized multi-cycle laser pulse, the HHG spec-
trum typically displays sharp peaks at odd harmonic orders [34]. This characteristic stems from
the spatiotemporal symmetry of the laser–target (atom or molecule) system under the symmetry
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transformation P : r →−r, t → t +T0/2, where r is the electron position and T0 is a laser period.
Any breaking of this symmetry results in the emergence of even-order harmonics [34]. Symmetry-
breaking factors may originate from an asymmetric electric field, such as the addition of a static
field or a second laser with a different frequency, or from the intrinsic asymmetry of a polar mol-
ecule itself [34–39]. If the magnitude of the symmetry-breaking factor varies, the intensities of
both even and odd harmonics also change accordingly [32, 38–41]. Recently, in Ref. [32], we
have demonstrated that MEP significantly alters the even-to-odd ratio, defined as the ratio of the
intensity of an even order to that of its adjacent odd order. The calculated even-to-odd ratio agrees
well with experimental measurements only when MEP is taken into account.

Recent advancements in laser technology have successfully generated ultrashort laser pulses
with durations spanning only a few optical cycles. In such scenarios, the HHG peaks may no
longer align with integer harmonic orders [42–44]. In our recent work [45], we have demonstrated
that MEP induces a frequency shift of the HHG peaks emitted from the CO molecule when inter-
acting with few-cycle laser pulses. Specifically, MEP causes a frequency shift of up to 1.24 eV for
harmonics near the cutoff region. Furthermore, we found that the frequency shift of HHG peaks
induced by MEP under few-cycle laser fields, and the change in the even-to-odd ratio caused by
MEP under multicycle laser fields, originate from the same underlying mechanism—namely, the
MEP-induced phase distortion of adjacent attosecond bursts observed in the time domain. Thanks
to this common origin, in Ref. [45], we indirectly confirmed the MEP-induced frequency shift of
harmonic peaks by leveraging the odd-even HHG emitted from oriented CO molecules interact-
ing with multi-cycle laser pulses [19, 46]. However, we still recommend that HHG experiments
involving oriented polar molecules exposed to few-cycle pulses should be conducted to provide a
more direct confirmation.

It is worth noting that, to observe the MEP-induced shift of harmonic peaks, certain pre-
requisite conditions must be met. Specifically, the harmonic peaks must be resolved and arise
from the interference of only two attosecond bursts [45]. This resolution depends on the temporal
profile of the laser electric field, which is influenced by two critical parameters: pulse duration
(i.e., the number of optical cycles) and the carrier-envelope phase (CEP) (i.e., the phase difference
between the pulse envelope and the carrier wave). How these parameters affect the observability
of the MEP-induced frequency shift of HHG peaks in CO molecules remains an open question.
In Ref. [45], by initial estimations, we stated that the CEP should not be close to π/2 and 3π/2,
and that the pulse duration should lie between 3 and 6 cycles. However, the specific ranges of
these laser parameters and how they affect the peak resolution have not been discussed. More-
over, in our previous investigation of frequency shift induced by the addition of a static electric
field to the laser–atom system, we demonstrated that such frequency shifts are observable only for
CEP values within a specific range [47]. Whether this CEP range is still applicable for observing
MEP-induced peak shifts in CO is yet to be further investigated.

In this paper, we identify the ranges of pulse duration and CEP that are optimal for ob-
serving the frequency shift induced by MEP when the CO molecule interacts with few-cycle
laser pulses. The physical mechanisms underlying how these parameters influence the harmonic
peaks are also discussed. To compute the HHG spectra, we numerically solve the time-dependent
Schrödinger equation (TDSE).
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2. Physical mechanism of MEP-induced frequency shift and method for calculating HHG

In this section, we first explain the mechanism behind the frequency shift induced by MEP
in HHG spectra when a polar molecule interacts with a few-cycle laser pulse. Then, we outline the
numerical method utilized to calculate the HHG spectra of the CO molecule, taking into account
the MEP effect.

2.1. Mechanism of MEP-induced frequency shift of harmonic peaks
The mechanism of the frequency shift of HHG peaks in the cutoff region, induced by varia-

tions in asymmetry factors of targets interacting with few-cycle laser pulses, has been thoroughly
discussed in previous works [39,45]. Below, we briefly outline the fundamental principles and the
relevant equations.

Fig. 1. Mechanism of frequency shift induced by MEP (denoted as P). MEP alters the
shape of the molecular orbital (c), thereby modifying both the intensity and phase of the
two attosecond bursts emitted half a cycle apart (b), which ultimately leads to a shift in
the HHG spectral peak (a).

In Fig. 1, we sketch the mechanism of the MEP-induced frequency shift of harmonic peaks
in the cutoff region of HHG spectra. When a laser pulse interacts with a CO molecule, the process
begins when the electric field reaches its peak, causing an electron to be freed from the molecule
through tunnel ionization. Once liberated, the electron is driven by the laser’s electric field and
then backward to recombine with the parent ion, emitting a high-harmonic pulse known as an
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attosecond burst. After half a laser cycle, the electric field reverses direction, pulling the electron
out again near its peak and driving it back to recombine at the opposite end of the molecule,
generating the next attosecond burst [Fig. 1(c)]. In the case of a few-cycle laser pulse, only two
dominant attosecond bursts, denoted as A1e−iϕ1 and A2e−iϕ2−iNω0T0/2, contribute to the HHG at the
cutoff region, as illustrated in Fig. 1(b). Here, A1 and A2 represent the amplitudes, while ϕ1 and
ϕ2 are the phases of the two attosecond bursts, N denotes the harmonic order, and ω0 and T0 are
the laser frequency and period, respectively. The interference between these two attosecond bursts
forms spectral peaks, as shown in Fig. 1(a), at the harmonic order

N = 2k+1+
∆ϕ

π
. (1)

Here, k is an integer, and ∆ϕ = ϕ1−ϕ2 represents the phase difference between the two attosecond
bursts. For a few-cycle laser pulse, the HHG peak may occur at positions that do not correspond
to odd integer harmonic orders. The interference of the two attosecond bursts resembles the two-
center interference in classical physics.

When MEP is included, the laser-induced polarization of the core electrons leads to the
distortion of the molecular orbital, thereby altering both the amplitude and phase of the attosecond
bursts, as shown in Figs. 1[(b), (c)]. As a consequence, the interference pattern [Fig. 1(a)] updates
the harmonic peaks at the new order

N′ = 2k+1+
∆ϕ ′

π
. (2)

Here, ∆ϕ ′ = ϕ ′
1−ϕ ′

2 denotes the phase difference between the two attosecond bursts when MEP is
included. Therefore, when comparing the cases with and without the MEP effect, the HHG peak
is shifted by an amount (in harmonic order) given by

∆N =
δ∆ϕ

π
, (3)

with δ∆ϕ = ∆ϕ ′−∆ϕ represents the distortion of the phase difference induced by MEP. Thus,
the underlying origin of the MEP-induced frequency shift of harmonic peaks is the MEP-induced
changes in the phases of attosecond bursts. To observe a clear frequency shift, the condition is
that only two attosecond bursts interfere with each other. If a third burst evolves, the interference
pattern becomes more complex, making identifying and quantifying the peak shift significantly
more challenging.

2.2. Method for numerically calculating HHG
We briefly present the numerical method for solving TDSE to calculate HHG. Detailed

descriptions of the method can be found in Ref. [28]. In atomic units (h̄ = me = e = 1), the
interaction between the molecule and the laser field is described by the TDSE as

i
∂

∂ t
ψ(r, t) =

(
−∇2

2
+VSAE(r)+ r ·E(t)

)
ψ(r, t), (4)

where r denotes the position vector of the electron. The potential VSAE of the CO molecule is
constructed based on the single active-electron (SAE) model [48, 49]. In this model, only the
outermost electron is allowed to interact with the laser field, while the remaining electrons are as-
sumed to be frozen and move together with the nuclei. This approach yields the energy and dipole



152 Observability of frequency shift induced by multielectron polarization in the high-order harmonic generation . . .

moment of the highest occupied molecular orbital (HOMO) of the CO molecule as −0.515 a.u.
and 1.57 a.u., respectively.

The laser field has the form

E(t) = eE0 sin2
(

ω0t
2Noc

)
sin(ω0t +φ), (5)

where E0, ω0, φ , and Noc respectively denote the peak amplitude, carrier frequency, carrier-
envelope phase (CEP), and number of optical cycles of the laser pulse. In this work, the laser
polarization is oriented such that the unit vector e is directed from the C atom toward the O atom.
The molecular axis of the CO molecule is aligned along the z-axis.

To investigate the influence of MEP on the HHG spectra, we include an additional polar-
ization potential term [20], which takes the form

VP(r, t) =−E(t)α̂c · r
r3 . (6)

Here, α̂c is the polarizability tensor of the CO+ cation, with its components given as αcxx = αcyy =
6.72 a.u. and αczz = 12.2 a.u. [50].

To solve Eq. (4), the time-dependent wavefunction ψ(r, t) is expanded in terms of time-
independent basis functions ψ(r, t = 0). These initial wavefunctions are constructed by expand-
ing into B-spline functions in the radial coordinate and spherical harmonics in the angular coor-
dinates. The expansion time-dependent coefficients ψ(r, t) are then solved by the fourth-order
Runge–Kutta method. The computational parameters are chosen to be the same as those used in
Ref. [32] to ensure the convergence of the results.

After obtaining the time-dependent wavefunction ψ(r, t), we compute the induced dipole
acceleration using the expression a(t) = d2

dt2 ⟨ψ(r, t)|r|ψ(r, t)⟩. The HHG intensity is then calcu-
lated via the Fourier transform of the dipole acceleration

S(Nω0) ∝

∣∣∣∣∫ NocT0

0
a(t)eiNω0tdt

∣∣∣∣2 . (7)

To extract how HHG emits with time (i.e., attosecond burst), we compute the harmonic time-
frequency profile by applying the Gabor transform, defined as

S (Nω0, t) ∝

∣∣∣∣∣∣
∫

dt ′a
(
t ′
)exp

[
−(t ′− t)2/2σ2

]
σ
√

2π
eiNω0t

∣∣∣∣∣∣
2

, (8)

where σ = (3ω0)
−1 is the window width, chosen to balance between temporal and spectral reso-

lutions.

3. Result and discussion

In this section, we present the results of the observability of the HHG frequency shift in-
duced by MEP under variations of the laser CEP and pulse duration. We do not examine the
influence of laser intensity and wavelength, as these two parameters do not affect the number
of contributing attosecond bursts and, therefore, do not affect the observability of the harmonic
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shift [45]. Throughout this section, the laser intensity is fixed at 1.5×1014 W/cm2, and the wave-
length is set to 800 nm. The electric field of the laser is polarized parallel to the molecular axis,
with the unit vector e directed from the C atom to the O atom.

3.1. Optimal CEP range for observing MEP-induced frequency shift
3.1.1. Optimal CEP range

In Fig. 2, we present the HHG spectra in the cutoff region for the CO molecule, comparing
two cases: one with the inclusion of MEP (denoted as SAE+P) and one without (denoted as SAE),
for various values of laser CEP. The laser pulse duration is set to five optical cycles. The results
in Fig. 2(d) show that when φ = π , the HHG peaks in the presence of MEP (SAE+P) shift to
the left (a redshift) by approximately 0.8 harmonic orders compared to the case without MEP
(SAE). Conversely, when φ = 0, the spectral peaks with MEP shift to the right (a blueshift) by
about 0.8 harmonic orders, as shown in Fig. 2(j). In our previous work [45], we demonstrated
that this frequency shift is a universal characteristic for each harmonic energy and remains nearly
unchanged when changing the laser intensity and wavelength.

Fig. 2. MEP-induced frequency shift of harmonic peaks at the cutoff region of the CO
molecule when including MEP (denoted as SAE+P) and ignoring MEP (denoted as SAE),
when varying the CEP of the laser pulse. The short vertical dashed lines mark the peak
positions of harmonics. The red and blue arrows exhibit the redshifts and blueshifts of
harmonic peaks when considering MEP compared to those ignoring MEP. The laser pulse
has a duration of five optical cycles, an intensity of 1.5×1014 W/cm2, and a wavelength
of 800 nm.
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Figure 2 also shows that the frequency shift is most pronounced when the CEP is π or
11π/6. As the CEP decreases from π downward π/2, as shown in Figs. 2[(a)–(d)], or increases
from 0 to π/2, as illustrated in Figs. 2[(j)–(l)], the harmonic peaks at higher orders (specifically
near the end of the cutoff region) gradually diminish, especially when MEP is included. The
frequency shift is more pronounced for lower-energy harmonic peaks at the beginning of the cutoff
region compared to those at the end. Additionally, the rule governing the magnitude of the shift
becomes more complex across the cutoff region. When the CEP approaches π/2, the HHG peaks
become unresolved, making it impossible to detect the MEP-induced spectral shift. Conversely,
as the CEP increases from π to 3π/2, as shown in Figs. 2[(d)–(g)], or decreases from 2π (which is
equivalent to 0) to 3π/2, as illustrated in Figs. 2[(g)–(j)], the harmonic peaks exhibit more complex
structures where each peak splits into multiple sub-peaks. This complicates the identification of
the HHG peak positions and obscures the observation of the MEP-induced peaks’ shift.

In short, after scanning the laser CEP, we conclude that the MEP-induced frequency shift of
harmonic peaks at the cutoff region is most clearly observed when the CEP is within the ranges of
(2π/3, 7π/6) and (5π/3, 2π), that is, in the vicinity of 0 and π . This CEP range is significantly
narrower than that required to observe frequency shift induced by adding a static electric field to
the laser–atom system [43, 47]. The reason is that MEP affects not only the phase but also the
intensity of attosecond bursts, leading to reduced spectral peak resolution [45]. It is evident that in
Fig. 2, the peak resolution with MEP is considerably worse than that without it for most laser CEP
values. In contrast, a weak static field mainly influences the phase of attosecond bursts without
significantly degrading the resolution of HHG peaks [43, 47].

3.1.2. Explanation by the interference pictures

To explain the origin of the observations mentioned above, we examine the interference
pattern of attosecond bursts. In Figs. 3[(a1)-(l1)], we present the time-frequency profile of HHG
from the CO molecule with considering the MEP, for different values of CEP. The horizontal grey
dashed lines indicate the 30th harmonic (H30), corresponding to the cutoff of the HHG spectra.
The results show that for CEP values around 0 or π , the HHG peaks in the cutoff region are
formed by the interference of two attosecond bursts emitted near instants 2.3T0 and 2.8T0. These
two bursts have comparable maxima in harmonic orders. As a result, their interference creates
well-resolved peaks for harmonics in the cutoff region. Furthermore, the MEP alters the relative
phase between the two attosecond bursts, which shifts the position of the HHG peaks compared to
the scenario without MEP. This is illustrated in Figs. 2[(d), (j)].

For CEP closes to π/2, the time-frequency profile shown in Fig. 3(a) reveals a distinct
difference in the maximum orders among the attosecond bursts. The cutoff region is predominantly
formed by a single attosecond burst emitted around 2.5T0, without contributions from other bursts.
The absence of interference between multiple attosecond bursts results in a smooth HHG spectrum
in the cutoff region, which does not exhibit well-resolved spectral peaks.

As the CEP decreases from π to π/2, or increases from 0 to π/2, the difference in maximum
orders between the two attosecond bursts progressively increases, as shown in Figs. 3[(a)–(d), (j)–(l)].
Consequently, the HHG peaks become less resolved and gradually evolve into a smoother spec-
trum, as shown in Figs. 2[(a)–(d), (j)–(l)]. In contrast, when the CEP increases from π to 3π/2,
or decreases from 2π (i.e., 0) to 3π/2, three attosecond bursts emerge with comparable maxi-
mum harmonic orders, as illustrated in Figs. 3[(d)–(g), (g)–(j)]. Consequently, all three bursts
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Fig. 3. Time-frequency profile of the HHG spectra of the CO molecule with the inclusion
of the MEP effect (first and third rows). The horizontal grey dashed line indicates the
30th harmonic (H30). The color bar encodes the intensity of attosecond bursts. The
second and fourth rows depict the corresponding temporal profiles of the laser pulses with
different CEPs. The vertical dashed lines mark the ionization instants ti (in black) and
recombination instants tr (in orange) responsible for the attosecond bursts contributing to
harmonics in the cutoff region. The laser parameters used are the same as those in Fig. 2.

contribute to the harmonics within the cutoff region. This results in a more complex interference
pattern, which leads to irregular peak shifts and the splitting of peaks into sub-peaks for harmonics
in the cutoff region, as displayed in Figs. 2[(a)–(d), (j)–(l)]. Thus, it becomes significantly more
challenging to clearly identify the spectral peak shifts induced by MEP.

3.1.3. Origin of interference pictures

To gain further insight into the behavior of the time-frequency profiles while varying laser
CEP, we also display the corresponding temporal profiles of the laser pulse in Figs. 3[(a2)-(l2)]. In
these figures, we also enclose the ionization and recombination instants of the liberated electrons,
which are responsible for the emission of the attosecond bursts. These instants are obtained by
solving the classical motion of liberated electrons in the laser electric field [4, 5].

Figures 3[(d2),(j2)] show that for CEP of 0 or π , the two central half-cycles of the laser
pulse exhibit comparable peak field strengths. Consequently, the electric field amplitudes in the
intervals (ti1, tr1) and (ti2, tr2) are nearly the same. The electrons propagating during these in-
tervals acquire similar kinetic energies, and upon recombination, they generate two attosecond
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bursts with comparable maximum harmonic orders, as shown in Figs. 3[(d1),(j1)]. In contrast, for
the case where φ = π/2, as exhibited in Fig. 3(a2), only one central half-cycle reaches the max-
imum field strength, resulting in the highest kinetic energy for the electron. Additionally, MEP
enhances the intensity of an attosecond burst emitted at the central pulse while diminishing the
strength of the adjacent bursts [21, 32, 45, 51]. This leads to a single dominant attosecond burst
that significantly contributes to the harmonic cutoff region, as shown in Fig. 3(a1).

When the CEP increases from π to 3π/2, or decreases from 2π (or 0) to 3π/2, the electric
field changes in such a way that three half-cycles with comparable amplitudes appear as demon-
strated in Figs. 3[(d2)-(f2),(g2)-(j2)]. This results in three attosecond bursts with similar maximum
harmonic orders, leading to three-burst interference for harmonics at the cutoff. At CEP of 3π/2
shown in Fig. 3(g2), the central half-cycle of the laser pulse reaches its maximum field strength,
similar to what occurs at φ = π/2. However, because the MEP reduces the intensity of the central
attosecond burst while enhancing the two neighboring bursts, all three attosecond bursts contribute
to generating harmonics in the cutoff region, as indicated in Fig. 3(g1).

3.2. Optimal pulse durations for observing MEP-induced frequency shift
3.2.1. Optimal pulse durations

We further investigate the observability of the frequency shift as a function of laser pulse
duration. In Figs. 4[(a1)–(d1)], we present the cutoff region of the HHG spectra emitted from the
CO molecule under interaction with laser pulses of varying numbers of optical cycles, comparing
the cases with and without the inclusion of the MEP effect.

Figures 4[(a1), (c1)] show that the spectral peak shift is clearly and consistently observed
in the cutoff region when the laser pulse duration is three or five optical cycles. In these cases, the
cutoff region is created by the interference of two attosecond bursts, as shown in Figs. 4[(a2), (c2)].
These bursts are emitted during the recombination of electrons that are liberated from both sides of
CO molecules at two different ionization instants, as marked in Figs. 4[(a3), (c3)]. Consequently,
using three-cycle and five-cycle pulses is suitable for observing the MEP-induced frequency shift.

When the pulse duration is four optical cycles, and the CEP is fixed at π , although the HHG
spectrum without MEP still exhibits well-defined peaks, the spectrum becomes smooth when MEP
is included, as shown in Fig. 4(b1). This smoothing occurs because MEP suppresses the intensity
of the first attosecond burst while enhancing the second burst [45]. Consequently, the cutoff region
is dominated by a single attosecond burst, as illustrated in Fig. 4(b2). In contrast, when the CEP
is adjusted to 0 while maintaining the same four-cycle pulse, the frequency shift becomes clearly
observable again (not shown). In this case, MEP enhances the intensity of the first attosecond burst
and reduces the intensity of the second burst, resulting in two bursts of comparable intensity [45].
It is important to note that laser pulses shorter than three optical cycles are unsuitable for observing
the frequency shift induced by MEP. These shorter pulses typically generate only a single dominant
attosecond burst, which leads to smooth HHG spectra without well-defined peaks, thus preventing
the observation of frequency shifts.

As the number of optical cycles increases to six, seven, and eight, as demonstrated in
Figs. 4[(d1)-(f1)], the frequency shifts remain observable. However, these shifts become less
stable and more irregular, with peaks accompanied by the emergence of secondary peaks. The
complex peak structure in the cutoff region results from the interference of multiple attosecond
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Fig. 4. Cutoff region of the HHG spectra with (SAE+P) and without (SAE), including
the MEP effect for laser pulses with varying numbers of optical cycles (top panels). The
red arrows indicate the redshift of harmonic peaks. The middle panels show the corre-
sponding time-frequency profile of HHG where the MEP is included. The bottom panels
display the temporal profiles of laser electric fields for different pulse durations, with
vertical dashed lines marking the ionization moments responsible for the emission of at-
tosecond bursts. The electric field has an intensity of 1.5×1014 W/cm2, a wavelength of
800 nm, and a CEP of π .

bursts, as illustrated in Figs. 4[(d2)–(f2)]. This phenomenon occurs because, as the pulse dura-
tion increases, the difference in electric field intensity between successive half-cycles diminishes,
as presented in Figs. 4[(d3)–(f3)]. Consequently, more attosecond bursts with more comparable
maximum harmonic orders contribute to generating harmonics in the cutoff region. In these cases,
besides the interference from two adjacent attosecond bursts (known as sub-cycle interference)
that causes the harmonic shift, there is also inter-cycle interference from bursts that are spaced
one optical cycle apart [39, 43]. This inter-cycle interference is responsible for the generation of
odd and even harmonics [39]. The combination of both sub-cycle and inter-cycle interferences
complicates the spectral patterns, as shown in Figs. 4[(d1)-(f1)]. Furthermore, in these regimes,
the frequency shift is not solely induced by MEP but is also influenced by variations in the electric
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field across different half-cycles [45]. As a result, using these laser pulses makes it challenging to
isolate the MEP-induced shift of the harmonic peaks.

Therefore, we conclude that, to clearly and purely observe the MEP-induced frequency
shift in the HHG cutoff region, the laser pulse duration should be greater than three and less than
six optical cycles.

3.2.2. Transition from MEP-induced peaks’ frequency shift to MEP-induced odd-even intensity
modification

We further increase the number of optical cycles, as shown in Figs. 5[(a)-(c)]. The results
reveal a clear transition from MEP-induced frequency shift to modulation in the intensity of even-
odd peaks as the pulse duration increases from a few-cycle [Fig. 5(a)] to multi-cycle [Fig. 5(c)].
For laser pulses of moderate duration, Fig. 5(b) shows that the frequency shift remains observable,
though the magnitude of the shift is relatively small.

Fig. 5. Transition from MEP-induced frequency shift when using a few-cycle laser
pulse (a) to the modification of the intensity of odd-even peak using a multi-cycle
pulse (c). For intermediate pulse durations, both the spectral shift and the variation in
peak intensity occur simultaneously (b). The corresponding time-frequency profiles with
MEP included are shown in the right panels. The laser parameters are identical to those
used in Fig. 4.
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The above-mentioned behavior can be understood by examining the corresponding time-
frequency profiles in Figs. 5[(d)–(f)]. As the pulse duration increases, we observe a transition
from sub-cycle interference, which occurs when only two attosecond bursts are emitted, to inter-
cycle interference, which involves the repeated interference of pairs of attosecond bursts across
multiple optical cycles. When using multi-cycle laser pulses, inter-cycle interference constrains
the harmonics to fixed even and odd orders, while sub-cycle interference influences their relative
intensities [39]. Since MEP primarily influences the amplitude and phase of attosecond burst pairs,
it modulates sub-cycle interference, causing variations in the intensity of odd and even orders when
multi-cycle laser pulses are used. When using intermediate pulses, intercycle interference is not
yet prominent compared to sub-cycle interference. As a result, the positions of the harmonic
peaks may not arise in odd and even orders. Therefore, both frequency shifts and peak intensities
are induced by MEP. In contrast, when employing a few-cycle pulse, pure sub-cycle interference
causes clean MEP-induced frequency shifts of harmonic peaks at the cutoff region.

This transition from MEP-induced harmonic peaks’ frequency shift to MEP-induced odd-
even intensity variation while increasing laser pulse duration aligns with observations made in
other systems influenced by various factors that induce asymmetry, such as static electric fields,
the degree of asymmetry between two atoms in a heteronuclear molecule, or the orientation angle
between the laser polarization and the molecular axis [39].

4. Conclusions

In this paper, we have investigated the optimal ranges of laser CEP and pulse durations for
observing the HHG spectral peak shift induced by the MEP effect in the CO molecule interacting
with intense, ultrashort laser pulses. We demonstrated that the fundamental mechanism causing
the frequency shift is the MEP-induced modification of the sub-cycle interference pattern between
two attosecond bursts. Therefore, a key condition for observing the MEP-induced spectral shift is
that the temporal profiles of the laser pulses must be suitable for generating only two attosecond
bursts.

By employing the theoretical approach based on solving TDSE for the laser–CO molecule
system, we have identified the optimal parameter ranges for observing the MEP-induced frequency
shift. Specifically, we have found that CEP should fall within the ranges of (2π/3, 7π/6) and
(5π/3, 2π). Additionally, the pulse duration must be greater than three and less than six optical
cycles to purely observe the MEP-induced frequency shift. These optimal regions are important
for guiding experiments in selecting the appropriate laser to directly observe the effect of core
electrons on the HHG spectrum through peak shifts.
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